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ABSTRACT

In this article, we propose an automatic procedure to calibrate
change point detection algorithms. Our approach expands on
the ability of an expert to provide very rough segmentation
estimates, called partial annotations, for a few signal exam-
ples. Our contribution consists in a supervised strategy to
learn a kernel Mahalanobis metric, which, once combined
with a detection algorithm, can replicate the expert’s segmen-
tation strategy on new signals. Contrary to previous works,
our approach is non-parametric, supervised and naturally ac-
commodates partial annotations. Experiments on real-world
data show that supervision significantly improves detection
performance.

Index Terms— Change point detection, kernel methods,
kernel metric learning, biomedical signals.

1. INTRODUCTION

Change point detection or signal segmentation, which con-
sists in finding the temporal boundaries of the successive
regimes of a multivariate signal, is a central problem in signal
processing. Applications are numerous and range from DNA
sequences [1, 2] to industrial system monitoring [3, 4]. In
practice, it is left to the expert (an economist, biologist, etc.)
to choose, from the rich detection literature, an appropriate
segmentation method. One particularly important parameter
is the type of change to detect, which is encoded by the sig-
nal representation, or equivalently the chosen metric. This
difficult and time-consuming process, often done by trial and
error, could be made automatic by expanding on the expert’s
ability to manually segment a few signals, or at least provide
partial annotations [2, 5], i.e. the start and end indexes of a
portion of each regime. For instance, on Figure 1, the expert
has annotated one-second-long portions of a signal collected
by monitoring, with an inertial sensor, a subject performing a
sequence of simple activities (stand, walk, turn around, walk,
stop) [6, 7]. The objective of this work is to design a mecha-
nism to automatically infer from segmentation examples (i.e.
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Fig. 1. Example of a partially annotated signal, from the Gait
data set (see Section 3.1). The annotations (hatched areas) de-
note portions of the signal that are considered homogeneous
(i.e. not containing any change point).

signals and their partial annotations) an appropriate metric.
A change point detection algorithm that uses the inferred
metric should be able to reproduce the expert’s segmentation
strategy.

Related work. Given a R%-valued signal y := {y;}7 with
T samples, the task of change point detection with a fixed
number K of changes consists in finding the indexes 7y
(k=1,...,K) such that

tet1

K
t,.. o tg = arg min Z Z ||yt—/jtk,_tk+l||2 (1)

PSR j—0 b=t +1

where [, is the mean value of the sub-signal {y;}}_, .1,
to := 0 and tx41 := T are dummy indexes and ||-|| is a
user-defined norm on R (typically, the Euclidean norm).
Numerous algorithms can be found in the literature to mini-
mize this sum of residuals, under various settings. Optimal
methods find the exact change points that optimize the cri-
terion (1). The most widely used procedure is based on
dynamic programming [2, 8]. Faster but approximate meth-
ods have also been developed; well-known examples include
window-based procedures [8, 4] and binary segmentation [3].
This article focuses on the calibration of the norm ||-||. To
the best of our knowledge, there is only one work on su-
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pervised change point detection which aims at finding an
appropriate metric [9]. The authors use, in the criterion (1),
a linear Mahalanobis-type (pseudo-)norm ||-||,, given by
[ull; = v'Mu (Vu € R?) where the metric matrix M is
positive semi-definite (psd). The optimal metric matrix is
learned by minimizing a convex loss between signal parti-
tions. Initially, this algorithm requires full labels (i.e. the
change point positions). A non-convex strategy is proposed
to accommodate partial labels; however, it relies on the ability
of the user to properly initialize the metric. Also, the learned
metric is only sensitive to mean-shifts, which can be a draw-
back for complex signals. Conversely, kernel methods have
emerged because they are able to detect changes in higher-
order moments of probability distributions [10, 11]. Formally,
let k(-,-) : R? x R% — R denote a kernel function and 7,
the associated reproducing kernel Hilbert space (rkhs). The
related mapping function ¢ : R — H is implicitly defined
by 6(y) = k(ye,) € Ho with (6(y.)|6(ye))n = k(ye yr)
and ngb(yt)Hi = k(yt,y). Kernel change point detection
amounts to minimizing a criterion of the form (1) where
the signal y is replaced by its high-dimensional mapping
{¢(y:)}+ and the norm is |-||,,. Those methods have been
extensively studied both from an algorithmic [12, 13] and
theoretical [10, 14] standpoint. Nevertheless, they are unsu-
pervised by nature.

We propose to extend the criterion (1) to the general class of
non-parametric kernel Mahalanobis-type norm |[-[|, ,, given
by [[¢(u)ll3; 2 := ¢(u) M (u) (Vu € R?) where M is a psd
matrix. The sum of residuals (1) can be rewritten as follows,

for any set of K change points 7 = {t1,...,tx}:
K tht1 )
VT =Y > o) = Betnnillpps- @
k=0 t=tj+1

The norm ||-[|5, ,, controls the type of change point that can
be detected, and is to be algorithmically calibrated using the
available partial annotations. Our approach builds upon ker-
nel metric learning methods, the work of [15] in particular,
which have been successfully applied in classification, rank-
ing, clustering [16, 17], but have yet to be put into practice for
change point detection.

Contributions. The contribution of this article is a scheme
to learn a kernel Mahalanobis-type norm using a set of train-
ing examples (i.e. signals and their partial annotations). The
method that is described offers a new perspective on super-
vised signal segmentation. Compared to previous works, our
approach is non-linear, non-parametric and can accommodate
an arbitrary kernel. Once learned, the metric can be combined
with any detection algorithm based on the minimization (ex-
act or approximate) of the criterion (2). Experiments on real-
world time-series show that the learning step improves the
detection accuracy of several segmentation algorithms.

2. METHOD

Our approach consists in a learning step, during which an
optimal metric matrix M is estimated and a predicting step,
during which change point detection is performed on new
signals, using the criterion V. This section describes the suc-
cessive steps to learn a metric and apply it on samples from
new signals.

From annotations to constraints. We propose a scheme to
construct similarity and dissimilarity constraints from par-
tial annotations: similarity constraints are pairs of samples
that should be close according to the learned distance, while
dissimilarity constraints are pairs of samples that should
be far according to the learned distance. Precisely, let
yrain = [ytrain g tain 0] denote the concatenation of all
training samples, i.e. samples that belong to an annotated
portion of a training signal. The two vectors y™" and ¢
are considered “similar” if they belong to the same regime
and “dissimilar” if they belong to two consecutive regimes
of the same signal. Only pairs of samples that are from the
same regime or two consecutive regimes create a similar-
ity/dissimilarity constraint. Samples that do not belong to a
homogeneous portion of the signal (according to the annota-
tions) do not create any constraint. This scheme is illustrated
on Figure 2.

Kernel metric learning. Once the constraints have been
generated, the optimal metric matrix M can be estimated.
To that end, we define M to be the solution of the following
constrained optimization problem:

min Drp(M,I) st

(") — G )5, 4 < e Y and 5 similar
H(]ﬁ(y;rai“ — @y ||j{ > ™" and ¢"" dissimilar

3

where Dy p(M, My) := tr(MMy ") — logdet(M M, ) is
the LogDet divergence which acts as a distance on the set
of psd matrices and v > 0 (resp. v > 0) is an upper (resp.
lower) bound on the intra-regime (resp. inter-regime) pair-
wise distances. The divergence between M and the identity
matrix is akin to a regularization.

The resolution of problem (3), which is often referred to as
Information-Theoretic Metric Learning (ITML), has been
extensively studied theoretically [15, 18] and algorithmi-
cally [17]. We present here the key aspects of the optimization
algorithm. First, the optimization (3) is performed over the
space of psd matrices on the feature space H, which is possi-
bly infinite dimensional and only implicitly defined through
the kernel k(-,-). An equivalent but finite-dimensional and
more efficient formulation is proposed, where the kernel ma-
trix is learned instead of the metric matrix. Under this setting,
the output of the kernel metric learning algorithm is not the
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Fig. 2. Ilustration of the scheme to transform annotations into
constraints. Annotations are highlighted in coloured areas on
the (dummy) signal. Similarity/dissimilarity constraints can
be stored in a matrix A such that A;; = 1 (in red) if y5 and y;
are similar, Ay, = —1 (in blue) if y5 and y; are dissimilar, 0
otherwise (in white).

optimal metric matrix M but rather the Gram matrix G such
that Gt := ¢(y™")’ M¢(ymin) for all training samples 3™
and y™i". Second, the equivalent formulation is solved us-
ing the iterative Bregman’s method [18], with the following

update rule:
G« é+ﬂ@(es —e)(es —et)/é 4)

where e; is the t-th canonical basis vector, and # € R depends
on ¢(yr™™), ¢(yi™™") and whether they are similar or dissim-

ilar. Each update has a complexity of the order of O(T3,,),
where T,y 1 the number of training samples.

Computing the learned metric on new samples. After the
metric learning step, all that is left is to combine the associ-
ated Mahalanobis metric [|-|57 ,, with a change point detec-
tion algorithm. To that end, one must be able to compute the
inner-products ¢(z;)’ M. ¢(z¢) for any samples z, and z; from
anew R?-valued signal z. A difficulty lies in the fact that the
metric matrix M is not explicitly available. Thanks to a rep-
resenter type of theorem [15, Theorem 1], the knowledge of
G proves to be enough. Precisely, the following expression
can be used for any samples z, and 2;:

B(2) Mp(21) = k(2 2) + K, G HG = G)Gky (5)

where ke = [k(ze,y["), k(2e,y3%"),...]" and G is the
matrix of inner-products of the training samples in the un-

transformed space, i.e. G 1= k(yTn, i),

Intuition behind the learned metric. Using the Mahalanobis-
type norm ||-||;, 5, can be seen as performing the follow-
ing operations: the signal samples are first mapped to a
high-dimensional feature space (through ¢) then they are
linearly transformed, then mean-shifts are detected. In-
deed, decomposing the symmetric matrix M = U’U yields
19l = IU@(ye)ll 3 Therefore, measuring distances

(in the feature space) with the pseudo-norm |||, ,, is equiv-
alent to applying a transformation U¢(-) on the data. The
resulting sum of residuals V/, defined in (2), measures the
error of approximating the transformed signal {U¢(y:)}+ by
a piecewise constant function. The first mapping ¢ is unsu-
pervised (i.e. not task-specific) and extracts a great number
(possibly infinite) of features while the second mapping U is
linear and task-specific. Note that if the kernel k£ implicitly
defines an infinite-dimensional rkhs, the transformation, de-
termined by M (also infinite dimensional) is non-parametric.

3. RESULTS

We combine the kernel metric learning procedure to improve
the performances of four unsupervised change point detection
methods on a real-word data set called the Gait data set.

3.1. Experimental setting

Data set. The Gait data set consists of 262 annotated record-
ings (sampling frequency: 100 Hz) from an inertial sensor
placed at the lower back of a subject performing a sequence of
simple activities [6, 7]. The successive regimes are “Stand”,
“Walk”, “Turnaround”, “Walk”™, “Stop”. The task is to detect
the time indexes at which subject’s activity changes. For this
study, two dimensions are used: the angular velocity around
the vertical axis (“Rot .Z”) and the vertical acceleration (“Acc.
Z”). An example is displayed on Figure 1. Both dimensions
are scaled to have zero mean and unit variance. In the fol-
lowing, the time-frequency representation of signals from
Gait is defined as the short-term Fourier transform (STFT),
computed with 300 samples per segment and an overlap of
299 samples (see Figure 3). Partial annotations consist of 50
samples (0.5 s) taken from the middle of each regime.

Detection algorithms. The four unsupervised detection al-
gorithm are OptLin [1] (based on dynamic programming,
with the Euclidean norm), OptGau [12] (based on dynamic
programming, with the rkhs norm induced by the Gaussian
kernel), WinLin [3] (based on a window-sliding proce-
dure, with the Euclidean norm) and WinGau [8] (based on
a window-sliding procedure, with the rkhs norm induced
by the Gaussian kernel)!. Window-based methods use a
100-sample long window. The related supervised algorithms
(M = M) are transparently denoted QVOptLin, OWinLin,
QoptGau, and OWinGau. Algorithms that use the linear
kernel (end in Lin) take as input the time-frequency repre-
sentation of the signals. Algorithms that use the Gaussian
kernel (end in Gau) take as input the (scaled) original signals.
Supervised methods (those with a Q) are evaluated with a
10-fold cross-validation.

Evaluation metrics. To evaluate segmentation accuracy, two
metrics are introduced: HAUSDORFF and F1 SCORE. The

! All algorithms are implemented in the Python package “ruptures” [19].
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Table 1. Segmentation results (mean and standard deviation)

HAUSDORFF F1 SCORE Stand/Walk Walk/Turnaround ~ Turnaround/Walk Walk/Stop
WinLin | 2.92 (£3.21) 0.81 (£0.17) WinLin | 2.00 (£2.81)  0.94 (£1.58) 1.28 (£2.11)  1.42 (£2.39)
OwinLin | 2.04 (£2.54)  0.82 (£0.18) QwinLin | 1.00 (+2.02)  0.85 (+1.09) 0.66 (£0.86)  1.33 (£2.03)
OptLin | 1.80 (¥2.35) 0.84 (£0.17) OptLin | 0.60 (£0.92)  0.38 (£0.62) 0.38 (£0.43)  1.69 (£2.24)
QoptLin | 1.10 (£0.72)  0.85 (£0.13) QoptLin | 0.42(£0.42)  0.66 (+0.42) 0.61 (£0.35)  0.93 (£0.73)
WinGau | 5.79 (£2.86)  0.64 (£0.17) WinGau | 5.21 (£3.05)  1.20 (£1.64) 2.27 (£2.75)  1.50 (£2.34)
OwinGau | 3.77 (£3.29)  0.78 (£0.19) OwinGau | 2.98 (+3.22)  1.25(+1.91) 2.37 (£2.96)  1.20 (£2.23)
OptGau | 1.44(£2.12) 0.90 (¥£0.15) OptGau | 0.51(£0.38)  0.41 (£1.05) 0.42 (£0.78)  1.23 (£2.11)
QoptGau | 0.99 (+1.59)  0.94 (£0.13) QoptGau | 0.42 (£0.41)  0.42 (+1.17) 0.42 (£0.90)  0.74 (£1.50)
(a) Global results (b) Absolute error (in second) by change point type

HAUSDORFF metric measures the worst prediction error [20]
between a set of change point indexes {¢1, 2, ...} and their
estimates {¢1, t2, ... }. Formally, HAUSDORFF({¢x } ., {tr } 1)
is expressed in second and is equal to

max{ml?x mlin [ty — 1] , max mlin lte — t1]}. (6)
The F1 SCORE is the geometric mean of precision PR :=
#Tp/#{t;}, and recall RE := #TP/#{t)} where the true
positive set TP := {t;, | 3#; s.t. [t; — t| < M} contains de-
tected change points, up to a margin M = 1s.

3.2. Results and discussion

Several observations can be made from the results reported in
Table 1. The most important is that supervision significantly
improves segmentation performances: for both metrics, the
Wilcoxon signed-rank tests between the scores of a detec-
tion method and its supervised counterpart produce p-values
well under 1%. The most accurate method, and the only one
with an HAUSDORFF just below 1 second, is QOptGau. As
a comparison, signals from the Gait data set last from 17 to
40 seconds. This is evidence that our approach is able to learn
an appropriate metric from the raw signals, and replace a pre-
processing step such as a STFT. Interestingly, for this algo-
rithm, supervision mostly improves the detection of the last
change point (“Walk/Stop”), by about 0.5 second on average
(from 1.23 to 0.74, see Table 1-b), even though it is the least
accurately detected when there are no supervision. This is due
to the fact that (similarity or dissimilarity) constraints that are
the most violated by the original norm determine the most
the learned metric matrix [15]. As a result, the change point
which is the least accurately detected by the unsupervised al-
gorithm is likely to see the most improvement in detection ac-
curacy. This can come at the cost of a decrease in estimation
precision for certain change indexes. For instance, OptLin
detects the change points between “Walk™ and “Turnaround”
better than QOptLin. Nevertheless, the two other change
points are better estimated by QOptLin, and, according to
global metrics, HAUSDORFF and F1 SCORE, detection is still
significantly improved by our approach.

It should be noted that those results were obtained using an-
notations spanning 0.5 second in the middle of each regime.
Table 2 shows the segmentation accuracy of QOptGau for

Table 2. Influence of the annotation width (for QOptGau)

H 0.1s 0.5s 1.5s
HAUSDORFE 22 (£1.90) 0.99 (£1.59) 1.15 (£1.80)
F1 SCORE 92 (£0. 14) 0.94 (£0.13)  0.92 (£0.14)
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Fig. 3. STFT of the signals of Figure 1.

different widths of partial annotation. When only 0.1 sec-
ond of each regime is annotated, segmentation is still more
precise than for OptGau, but not as good as when 0.5 sec-
ond is annotated, since less information is provided. Con-
versely, there can also be too much annotation: for 1.5 sec-
onds, performances decrease compared to 0.5 second. This
is because the shortest regime (“Stop”) is often less than 1.5
second, meaning that annotations include ambiguous samples
that are close to the change points, and are likely to generate
strong but unwanted constraints. In a nutshell, more anno-
tations improve segmentation accuracy, but samples located
around regime changes should be discarded.

4. CONCLUSION

We have extended a kernel metric learning procedure to the
setting of change point detection. Thanks to a novel scheme,
which offers a new perspective of supervised time-series seg-
mentation, our approach learns a non-linear, non-parametric
and task-specific signal transformation, using partial annota-
tions provided by an expert. Experiments on real-world data
have shown that supervision significantly improves detection
performance, for several segmentation algorithms.
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