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Abstract

Expert-annotated time series datasets often suffer
from low agreement, especially in medical appli-
cations where decisions rely on subjective crite-
ria and inconsistent thresholds. Such variability
degrades annotation quality and thus limits the
reliability of supervised classification models. To
address this, we propose to rely on a pairwise
comparison-based approach, which provides a
more robust alternative to individual annotation,
since relative judgments are typically easier and
yield higher consistency. The problem is thus
transformed into a ranking problem and we in-
troduce an ideal point model adapted to time se-
ries data using elastic similarity measures such as
Dynamic Time Warping (DTW) and Time Warp
Edit Distance (TWED). We prove Lipschitz con-
tinuity of these distances and demonstrate several
convergence guarantees for this model. To facil-
itate gradient-based optimization, we also intro-
duce a differentiable version of the TWED. Fi-
nally, we show through multiple experiments that
our approach produces accurate and robust rank-
ings under noisy annotation conditions.

1. Introduction

Time series data arise in numerous scientific and indus-
trial domains, from physiological monitoring to finance and
sensor networks. Many real-world applications lead to su-
pervised classification tasks, such as detecting abnormal
events in physiological or mechanical signals, or distin-
guishing between different types of motion. These tasks
typically rely on binary annotations provided by experts.
However, in several domains, especially in medicine, ex-
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pert annotations suffer from substantial variability due to
subjective interpretation and the difficulty of defining clear
decision thresholds. This can result in low inter- and intra-
annotator agreement, making it difficult to construct reli-
able annotated datasets and thus to train reliable supervised
models. Expert annotations often rely on subjective inter-
nal criteria, not just on explicit decision thresholds. More-
over, as noted in (Sylolypavan et al.| 2023)), common con-
sensus strategies such as majority voting may still produce
suboptimal models, and there may not exist a “super ex-
pert” whose labels can serve as a reliable gold standard.

A natural way to address these limitations is to adopt al-
ternative annotation strategies. Pairwise comparisons of-
fer an appealing alternative: instead of assigning absolute
labels, annotators only need to decide which of two sam-
ples is more abnormal, severe, or relevant. Such relative
judgments are often easier and more consistent, leading to
higher-quality supervision (Saaty} |2008}; Kalpathy-Cramer
et al., 2016; [Firnkranz & Hiillermeier, [2010). In medical
imaging, for instance, pairwise and sorting-based strate-
gies have been shown to significantly improve inter-expert
agreement (Jang et al.||[2022; |Kakiashvili et al., [2012)).

Pairwise annotations naturally shift the learning problem
from classification to ranking. Various statistical models
have been proposed to infer global rankings from partial
comparisons of several items. Among them, Ideal Point
Models (IPMs) have been widely used in social sciences
and machine learning (Coombs} |1950; Massimino & Dav-
enport, [2021; Jamieson & Nowak, 2011). In [PMs, items
and annotators are embedded in a latent space, and prefer-
ences depend on distances to an ideal point. While exist-
ing work has focused on learning these latent ideals in R?
(Canal et al.,|2022), our goal is to adapt IPMs to rank time
series. This task is difficult because time series can vary in
length and sampling frequency, exhibit distortions or time
lags, and be affected by noise or partial misalignment. As
a result, vector-based feature integrations often fail to cap-
ture their temporal structure, motivating the use of methods
that operate directly on time series.

To handle such challenges, distance measures like Dy-
namic Time Warping (DTW) (Sakoe & Chibal, [1978)), Edit
Distance on Real Sequences (EDR) (Chen et al.l |2005)),
or the Time Warp Edit Distance (TWED) have been de-
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veloped. TWED (Marteau, 2009) in particular is a true
metric, combining temporal elasticity and edit operations
into a coherent geometric structure. This paper bridges
these two paradigms by defining an Ideal Point Model for
Time Series Ranking, where the latent geometry is induced
by the TWED distance or the DTW between time series.
This yields a ranking model that respects temporal structure
while retaining interpretability. In particular, by modeling
the ideal as an explicit time series rather than as a point
in a latent vector space, the annotator’s decision process
becomes directly observable. This representation makes it
possible to analyze which temporal patterns, alignments,
or distortions drive the ranking, thereby providing a more
transparent and interpretable explanation of the annotator’s
preferences.

Contributions: The main contributions of this paper are:

e Theoretical advances on time-elastic distances, in-
cluding new properties of DTW and TWED (Lips-
chitz continuity) and the introduction of a differen-
tiable variant of the TWED measure.

e The introduction of the IPM for time series, together
with theoretical guarantees and convergence results.

» Extensive experiments demonstrating the effective-
ness of the proposed model.

2. Ranking from Pairwise Comparisons

In this section, we introduce the standard models for rank-
ing from pairwise comparisons and detail the Ideal Point
Model (IPM), which is central to this article.

2.1. Standard Models

The problem of ranking from pairwise comparisons is gen-
erally modeled as follows: let us consider n items with an
unknown preference matrix M, where M;; is the probabil-
ity that item ¢ is preferred to item j, with M;; + M;; = 1.
Then, (noisy) pairwise comparisons (i, j,y) are observed,
where i and j are items and y € {—1,1} the preference
label (—1 if ¢ is preferred to 7). The objective is to retrieve
the preference matrix M from these observations.

Parametric models. Parametric models are an important
family of ranking methods. They are based on the assump-
tion of the existence of latent scores {w; }!"_; associated to
each item, and a strictly increasing link F' such that

Mij = F(’LUZ - wj) .
Hence, ordering the w;’s is equivalent to ordering the

items. For example, the so called Bradley-Terry-Luce
(BTL) model (Bradley & Terry} [1952) assumes that the

probability that item % is preferred to item j is given by:

1
M;; = .
T T+ exp(—(wi — wy))

Then, the w are estimated using a maximum likelihood
approach; since no closed form exists, gradient-based
or Majorize-Minimization algorithms are used (Hunter,
2004). Other well-known models based on this idea in-
clude Thurstone (Thurstone, [2017) and Mallows (Mallows|,
1957) for example.

Non-parametric estimators. In a nonparametric frame-
work, low rank based estimators have been proposed for
recovering the matrix M and the associated ranking. Spec-
tral and low-rank methods consider that the observations
give a noisy version of M and perform matrix denoising
via singular value thresholding (see e.g. (Cai et al., 2008)).
Another class of methods works under the strong stochastic
transitivity assumption (Fishburn, [1973) and assumes that
M belongs to the class of antisymmetric matrices consis-
tent with an unknown permutation. Its estimation can then
be done via a least-squares projection problem (Shah et al.|
2016). Finally, a simpler but effective alternative consists
of counting-based estimators which compute the number
of times item ¢ is preferred to the other items and rank all
the items according to a particular score (Emerson, 2013;
Wauthier et al., [2013)).

2.2. The Ideal Point Model

While the previous methods leverage only pairwise an-
notation, some methods in the literature assume that the
items are embedded in a metric space (R” for instance) and
use this embedding as additional information to retrieve
the ranking. One can cite RankSVM (Joachims|, 2002)) or
RankNet (Burges et al.| [2005)). For the latter, it is a vari-
ant of the BTL model replacing the latent scores w; by
f(x;) where z; is the item embedding and f is a paramet-
ric function to optimize. On the other hand, the Ideal Point
Model (IPM) (Coombs),[1950) assumes that there is an ideal
point and that the ranking is done using the distances to this
ideal. Formally, given a distance d on R? and an ideal point
u* € RP, for x, 2’ € RP, x is preferred to x’ if and only if
d(z,u*) < d(z',u*). A full ranking can thus be retrieved
by sorting the items by their distance to the ideal point u*.

Solving this problem and finding v* from pairwise compar-
isons highly depends on the chosen distance d and was well
studied in the literature for the euclidean distance (Coombs),
1950; Massimino & Davenport, 2021; Jamieson & Nowakl,
2011). In this work, we propose to leverage distance met-
rics adapted to time series, enabling a robust ranking while
accounting for time warping deformations.
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3. Distances between Time Series

To design a relevant ideal point model for time series, we
must go beyond generic time series similarity measures.
Our objective is to adapt the Ideal Point Model so that the
ideal itself is a time series. This requires similarity mea-
sures that operate directly on the waveform of the series,
rather than on extracted features or aggregated representa-
tions. The standard L? metrics could be used but they are
not convenient for comparing time series since they are not
robust to time warping deformations. On the contrary, elas-
tic distances can be robust to this type of deformations (see
e.g. (Holder et al.l 2023)).

In this paper, we focus on two elastic similarity measures
for time series: Dynamic Time Warping (DTW) (Sakoe
& Chiba, [1978) and Time Warp Edit Distance (TWED)
(Marteaul, 2009). DTW is the most widely used elastic
measure for time series comparison and has long been con-
sidered the state of the art for 1-nearest-neighbor classi-
fication (Bagnall et al., 2017). Its practical effectiveness
stems from its ability to perform nonlinear temporal align-
ment between sequences, although it does not satisfy the
properties of a metric. TWED can be seen as a metric vari-
ant of elastic time series distances. By combining temporal
warping with edit operations and introducing a stiffness pa-
rameter, TWED satisfies the triangle inequality and thus is
a proper metric. Consequently, we consider both DTW, for
its empirical effectiveness and widespread adoption, and
TWED, for its metric structure and theoretical advantages.

3.1. DTW Distance

The DTW (Sakoe & Chibal |[1978) computes the best possi-
ble alignment between two time series of respective length
[ and m by computing first the [ x m pairwise distance
matrix between these points and then solving a dynamic
program (DP).

Definition 3.1. Let X = (z1,...,2;) and X' =
(z1,...,2,) be two time series, and let §(x;, ;) denote
the local dissimilarity (or cost) between points x; and :1:;
The DTW cost between X and X is recursively given by:

6(z1, ), ifi=j=1
Di’j = (5(.%“.%3) + n’lin{_Di,Lj7
Dij1, Dic1j1} otherwise ,

for1 <i <1I,1 < j < m, with the convention Dy ; =
D; o = +oo for boundary initialization.

The DTW distance between X and X’ is then given by
DTW(X,X') = Dy .

Remark 3.2. The recursive formula is convenient for im-

plementation, but the DTW can also be written in terms of
alignments, which can be more convenient (see Appendix

A.T).

In the following, for a time series X € RP XT  we denote
by ||.|l4 the L? norm of X considered as a vector, i.e:

1/q

T p
XM= { DD 1X351°

i=1 j=1

We now provide a new result on DTW that will be useful
later on.

Proposition 3.3. Assuming that 6(x;, ) = |[v; — 2%]|,,
for X, X', X" € RPXT | the DTW distance satisfies:

|IDTW (X, X")-DTW (X, X")]
< VT(T = 1) p** @7 =3)|| X’ — X"||5,

i.e DTWis \/T(T — 1) p™*(05=3) Lipschitz wrt the L
norm. This inequality cannot be improved.

Proof. The proof is given in Appendix [A.T] O

3.2. TWED Distance

The TWED, introduced in (Marteau, 2009), is a measure of
dissimilarity between two time series that combines tempo-
ral warping with edit operations.

Definition 3.4 (TWED{). Let two time series be defined as
X = (x1,22,...,27) and X' = (2, ah,...,2],) where
Ti, x; € RP are multivariate samples.

The TWED distance d5 ,, (X, X') between X and X’ is re-
cursively defined by:

Di—1j—1+6(wi, ) +6(wi-1,75_4)
+ 2v(li — jl)

Di,j = min
Diflyj + (5(£E7;,£E7;,1) + )\ + v

Di’j,1 + (5(1‘;-,%‘;_1) +A+v,
with boundary conditions: Dgg = 0, D;o =

22:1 (5(1%7961@71) + )‘)7 Dy,; = Zi:l (5(372795%—1) +
A), 8(zo, x) = 0, where §(x, z') is a local distance func-
tion (typically the (squared) Euclidean distance), v > 0 is
a stiffness parameter controlling sensitivity to time shifts
and A > 0 is a penalty term for deletion (edit operation).
Finally, we define 0, , (X, X') = Dy p,.

Proposition 3.5. Assuming that 6(x;, %) = |[x; — 2]
for X, X', X" € RP*T the TWED distance satisfies:

q

[03,0(X, X1) = 05,0 (X, X))
< mpmax(&%‘%)”){’ _ X”||2 ,

"Here, the definition is given for constant timestamps. See
Marteau| (2009) for a more general definition.
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ie, O, is V4T —3 pmax(o’%’%) Lipschitz wrt the Lo
norm. This inequality cannot be improved.

Proof. The proof is given in Appendix [A.2} O

4. Mathematical Formulation

For simplicity, in the following section we only consider
univariate time series. The extension of our theoretical re-
sults to the multivariate case is postponed to Appendix[B.2]

4.1. Ideal Point Model

Let us consider a similarity measure d on R” and u* €
E C RT called the ideal time series. For X , X’ two time
series in E, the IPM says that X is preferred to X' if and
only if

d(X,u*) < d(X',u") . (1)

Suppose that we observe a dataset of n i.i.d. samples

S = ((XhX{’yl)? R (Xn’X;”yn)),

where each sample consists of a pair of time series X and
X', along with a label y € {—1, 1} indicating which series
is preferred. The goal is thus to recover the unknown ideal
point ©* from these observations. To this end, one possibil-
ity is to minimize the true risk associated with a candidate
time series u € R”:

R(u) :=E[{(y(d(X,u) — d(X",u)))] , )

where ¢ : R — R, is a loss function (e.g. the hinge loss).
We will denote by @ one of the minima of R(-) on E (as-
suming it exists). Note that @ is not necessarily equal to u*
because the labels are not necessarily faithful to the model
(e.g. if the labels come from an annotator). This important
question will be addressed in Section #.3]

In practice, the true risk being unknown, we minimize its
empirical version:

n

Rn(u) == %Zg(yi (d(Xi,u) — d(X],w)).  (3)

i=1

The estimated ideal point is then given by (under the exis-
tence assumption):

Iy, = arg min R,(u) . 4)

Proposition 4.1. If d verifies (d(z,y) =0 = z =y),
the ideal time series u* is unique.

Proof. Let ui # wu} in RT be two ideal points result-
ing in the same model. 0 = d(uj,u}) < d(uj,u3) so

uj is preferred to u3. However we also have that 0 =
d(u3,u3) < d(uj,u3) which is absurd. Thus the ideal
point is unique. O

Remark 4.2. Note that the TWED distance verifies the as-
sumption of Proposition [4.1] implying a well define ideal
point model with a unique u*. However this assumption is
not verified by the DTW measure. Indeed, if u* is an ideal
point for the DTW model, then any time warped version of
u* (i.e. any v € RY verifying DTW (u*,v) = 0) is also an
ideal point.

4.2. Risk Generalization Bounds

Assumption 4.3. We assume that d is a similarity mea-

sure on RT such that for all u € R, x + d(u,x) is Lg-

Lipschitz wrt to the L2 norm and the loss function £ is as-

sumed to be L-Lipschitz. Moreover, we assume that F is a

compact set and we define y := sup ||X — X'||2 < o0.
X,X'€E

Theorem 4.4. Let S = (X1, X1, 91),---» (X0, X}, Yn))
a dataset of tuples with time series X;, X in E, and labels
yi € {—1,1}. Let @ and 1, be minimizers of R and ]Ein on
E, respectively. Under Assumption we have that with
probability at least 1 — 26,

R(tn)—R(w)

log(1/0) -~ T
< (lo +3LaL7)y % + CLdL'Y\/; 7

where C'is an explicit constant that does not depend on any
of the problem parameters and ly = £(0).

Corollary 4.5. Let d be the DTW with §(x;,2") = |z; —
x%;|. Under the same assumptions as Theorem we have
that with probability at least 1 — 29,

log(1/6)

R(iin) — R(3) =

< (o +3VT(T - 1)Ly)

~ 1
+ CTVT — 1L’y\/7 .
n
Corollary 4.6. Let d be the TWED with 0(x;, x),) = |x; —
x; |. Under the same assumptions as Theorem we have
that with probability at least 1 — 29,

log(1/d
R(itn) = R(it) <(lo + 3v/4T — 3Ly) %
~ 1
n
Proof. The proofs are given in Appendix [B.1] O

Remark 4.77. Note that in the previous bounds, the dimen-
sion of the problem 7T is also hidden in the constant . In-
deed, if the time series take values in E = [—M, M7, then
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v =2M \/T Thus, for the DTW, the convergence rate is
in0 (L2, anditis O (T /L) for TWED.
4.3. Recovery Guarantees

According to the previous theorem, when the number of
samples grows, the risk of the estimated ideal point con-
verges towards the risk of the minimizer % of R (the ideal
risk). It remains the important question of the recovery of
u*, i.e, does u* = w and does u,, converge towards u* ? In
this section, we study the conditions on the distribution of
(X, X’ y) to have u* being the unique minimizer of R and
we prove the almost sure convergence of ,, towards u*.

We adopt a noise model similar to the one proposed in
(Canal et al ., [2022).

Definition 4.8 (Noise model). Let f : R — [0,1] be a
strictly monotonically increasing link function satisfying
f(t) = 1 — f(—t), for example the logistic link f(t) =
(1 + e~ )=, For a pair of random time series (X, X’),
define

AX,X/(U) = d(X, u) — d(Xﬂu)

where d is a distance and
P(y =—1 | X, X/) = f( — AX’XI(’U,*)) .

This formulation captures the intuition that the closer the
two time series, the higher the uncertainty. The negative
log-likelihood of this distribution is given by:

ff(an7 X/; u) = lOg (f(y AX,X' (u))

Assumption 4.9. For all u # v € R, the measure of the
pairs distinguishing « and v is positive, i.e.:

IP)({(X, X/) : Axyxl(’u,) 7é AX’X/(QJ)}) > 0.

We make two remarks here: first, note that if d is not a
metric (more specifically if d does not verify d(X, X') =
0 = X = X), there is no distribution that satisfies
this assumption. Second, if the space is a L? ball in R” (i.e
the samples and the ideal are in this ball), any distribution
with a positive density function on this ball verifies this
assumption.

Lemma 4.10. Assuming data follow the noise model and
defining the risk using the loss {; (Definition . Under
assumption[d.9 (i) u* is a minimizer of R and (ii) this min-
imizer is unique. Consequently, u* = 4 := arg min,, R(u).
Theorem 4.11. Under the same assumptions as Theorem
and Lemma we have G, —> u*.

Proof. Proofs of these results are given in Appendix|[C] [

4.4. Low Dimension Modeling

The two studied similarity measures (TWED and DTW)
can compare two time series with different lengths. The
low dimension model is then defined as the previous one
but taking »* in R” with r < T.

In this section we analyze the generalization of the previ-
ous theorems to this low dimension model.

The intuition behind this low dimension model is that for
some applications, the ideal signal could be compressed
and only a few timestamps could be necessary to sum-
marize it. This part is very related to the problem of
signal compression and downsampling (cf Theorem 4 in
(Marteau}, 2009)). While considering v* in R” with r < T
could lead to an easier training, it also leads to better Lips-
chitz constants, thus better generalization bounds. Indeed,
in the univariate case, we have that:

DTW:  R(i,) — R(@) =0 (%)
TWED : R(t,) — R(u) = O (Lﬁm)

The entire proof is similar to the previous ones with only
few adjustments and can be found in Appendix

4.5. Multivariate Time Series

Several multivariate versions of DTW and TWED can be
found in the literature. Some assume that DTW are com-
puted independently on each dimension, but in this work
we focus on the versions given in Definitions [3.1] and
Based on these definitions, all the theorems proved
in the previous sections hold for multivariate times series
X € RP*T since the same assumptions hold due to the
Lipschitz constants found in Section [3] More details are

given in Appendix

5. Training with Gradient Descent

The TWED and DTW are not differentiable because of
the use of the “min” function, making it difficult to solve
the optimization problem. A differentiable version of
the DTW, called soft-DTW, was introduced in (Cuturi &
Blondel, 2017). In this section, we introduce a similar
version for the TWED, that we call the soft-TWED. It is
obtained similarly to soft-DTW, replacing the minimum
with the softmin function. Then, to solve the optimization
problem min,, ]%n(u) we simply replace the distance
(DTW or TWED) by its soft version and we perform a
gradient descent.

Soft-DTW. The Soft Dynamic Time Warping (Soft-DTW)
(Cuturi & Blondell, 2017) is a differentiable variant of DTW
distance, which provides a smooth approximation to the
minimum-cost alignment between two time series. The
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gradient can be computed efficiently using a backward dy-
namic programming recursion detailed in (Cuturi & Blon-
del, [2017).

Soft-TWED. We now propose a version of the soft-TWED
measure, based on the same idea as soft-DTW. Similarly to

the Soft-DTW, for # > 0, we define the Soft-TWED 5?\}1,

as in Definition replacing the min operator by min’

where:

min_ a;, 6=0,
min®{a;,...,a} = { 1sist l
_0 log Zi:l 6_(11',/9’ 0 > O .
®)

Differentiating algorithmically 5§7V(X , X') requires doing
first a forward pass to store all intermediary computations

and recover D = [DY ] 1<izi = [r; ;] 1zi<i . Then, the

1<j<m 1<j<m

gradient can be efficiently computed using a backward re-
cursion process explained in Appendix [E]

For the DTW and the TWED, the computational cost for
N time series of size T' in dimension d, is in O(NT?d) per
epoch. An illustration is available in Appendix [F} Note that
alternative versions of DTW restrict the search to a sub-
set of possible temporal alignments, thereby reducing the
computational cost (Itakura, 1975} |Sakoe & Chiba, [1978)).
Exploring such variants could be an interesting direction
for future work.

6. Experiments

In this section, we first give a simple example that mo-
tivates the use of TWED/DTW distances rather than L2.
Then, we demonstrate the advantages of our method over
previous approaches using synthetic data. Finally, we ap-
ply our method on real data from the UCR time series
archive (Dau et al., 2019). Additional experiments on semi-
synthetic data are presented in Appendix [G.6]

Note that, while our method learns from pairwise com-
parisons, it can return a ranking where the samples are
ranked depending on their distance to the estimated ideal
point. Thus, to evaluate our method, we use both the accu-
racy regarding pairwise comparison and metrics measuring
the ranking similarity such as the Kendall’s tau (Kendall,
1938)). For synthetic data, we also quantify the distance be-
tween the ideal point and the estimated one. In all the ex-
periments, we use the Hinge loss and the gradient descent is
performed using PyTorch and ADAM optimizer (Kingma
& Bal|2017). Moreover, we take a zero signal for the initial
point.

6.1. Motivating Example

The key advantage of our method is its robustness to time-
warping deformations. To illustrate this, we display in Fig-

ure an example showing that when using the L? distance,
simply shifting or dilating the input signals in time can lead
to different distance values and thus, to different rankings.
In other words, IPM with the L? norm is highly sensitive
to temporal misalignment. In contrast, DTW is invariant to
time shifts and dilations, as it explicitly aligns the signals
before computing the distance. As a result, DTW yields
consistent distances and stable rankings under such trans-
formations, allowing the method to recover the underlying

ideal pattern.
—[_L N ﬂ
Y 4

Ideal

Aligned Translation Dilation

Ranking using L2 m ‘w

Z < <Y Y < < Z <Y < Z
e .[jm. ‘
J |

zZ < <Y Z < <Y zZ < <Y

Figure 1. Toy example illustrating the differences of ranking be-
tween L? and DTW.

6.2. Synthetic Data

In this section, we evaluate the efficiency of our method
by first showing that, when data follow the IPM model, the
ideal can be retrieved, even in the presence of noise (as de-
fined in . In addition, on a synthetic dataset where the
true ranking is determined by the noise level of the signals,
we compare our method to the standard case where d is the
L? distance. A short empirical study to evaluate the effec-
tiveness of the low dimensional model (see Section [4.4) is
also presented in Appendix

6.2.1. SOFT APPROXIMATION

In this experiment, synthetic data are generated by perform-
ing time warping and adding noise to an ideal time series
u* € R” (a bipolar pulse of length T = 30 in our exper-
iments). More specifically, let 01,09 ~ U(0,0.5) and let
1, (2 be two warping functions with a warp strength ws =
2. We generate X1 = ¢1(u*) + 1 and Xo = pa(u*) + €9,
with &1 ~ N(Ogr,o117) and g9 ~ N(Ogr,o9l7). The
preference label y € {—1, 1} is then generated according to
Deﬁnitionwhere fr: T m ar.ld dis eitber
the DTW or the TWED distance. More details regarding
this synthetic generation are given in Appendix [G.1]

For each value of n € {50,250, 500, 1000, 2000,4000},
the dataset S is generated taking n triplets (X1, Xo,y) for
both the training set and the test set. We repeat this process
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Figure 2. Convergence results under several noise levels for the TWED and DTW. The soft-min parameter 6 is set to 0.1.

10 times to obtain 10 independent datasets. Finally, the
optimization was done with a learning rate equal to 0.01
and with 300 epochs.

The objective of this experiment is to analyze the conver-
gence of our model under several levels of noise and the
impact of the number of samples n.

Results: Figure[2]illustrates the convergence of our method
with the two distances (TWED and DTW), as a function
of the number of training points n, through three metrics:
the accuracy (computing the rate of true preferences pre-
dicted), the distance (TWED/DTW) between the estimated
ideal and the true one, and the Kendall Tau
to evaluate the final ranking. The different curves indicate
the results obtained under different levels of noise (depend-
ing on 7): an oracle accuracy of 1 means a perfect annota-
tion while an oracle accuracy of 0.8 indicates that 20% of
the annotations are wrong.

For the TWED distance 65 ,,, we set A = 0.5 and v = 0.01.
It defines a distance with high elasticity while penalizing
the delete operation. In Figure 2a] the three metrics (accu-
racy, 0y, (1, u*) and Kendall Tau) consistently improve
as the number of samples increases regardless of the level
of noise. Indeed, the accuracy curves rapidly approach their
oracle levels, while Kendall Tau steadily increases, indicat-

ing that the learned ranking progressively aligns with the
true ordering. Regarding 4,,, we observe that it converges
towards u* for high oracle accuracy settings. In contrast,
when this accuracy is below 0.9, the convergence is not
reached yet, even with n = 4000. However, the accuracy
of the trained model becomes better than the oracle accu-
racy in these cases which is a desired property. For the
DTW, the same conclusions are valid (see Figure@). Note
that the parameter 6 of the soft-min can impact the results.
An additional analysis on this is provided in Appendix[G.2}

In conclusion, this experiment shows that, under reasonable
noise conditions, our method provides an accurate estimate
of the ideal point u* and gives robust results in terms of
final ranking.

6.2.2. RANKING FROM NOISE LEVEL

In this section, time series are generated according to the
same model as described in the previous section but prefer-
ence labels are given by y = sign(— (01 —03)). This means
that the ranking is determined by the amount of noise in the
signals, reflecting the idea that an annotator always prefers
the less noisy version to the noisier one. The main objec-
tive is therefore to demonstrate the ability of our models to
retrieve the noise ranking (the more noisy, the higher rank)
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Warp 0 0.5 1 3

n 50 500 2000 |50 500 2000 |50 500 2000 |50 500 2000
065 081 085|056 072 0.76 062 072 076 | 041 0.69 0.73

DTW | (0.13) (0.06) (0.01) | (0.2) (0.05) (0.0) | (0.05) (0.04) (0.01) | (0.15) (0.05) (0.02)
0.76 0.82 0.83 071 0.78 0.8 0.67 074 076 | 0.54 0.67 0.68

TWED | (0.05) (0.01) (0.0) | (0.04) (0.02) (0.0) | (0.02) (0.01) (0.02) | (0.09) (0.03) (0.04)
037 075 083 | 025 048 052 | 024 042 046 | 013 023 0.25

L (0.08) (0.02) (0.01) | (0.04) (0.02) (0.01) | (0.06) (0.01) (0.01) | (0.08) (0.02) (0.02)

Table 1. Results for the Kendall metric. The higher the better.

even in scenarios with time warping.

The experiments are conducted under the same conditions
and with the same parameters as those described in Sec-
tion[6.2.1] To highlight the advantage of our method when
working with time series, we compare it to the IPM with
the L2 distance. Here, the labels are noiseless and we com-
pare the results of the three models (DTW, TWED, L?) for
varying warp strength parameters.

Results: Table E] clearly shows that, while all meth-
ods improve when the sample size n increases, L? fails
when the warp strength increases, exhibiting significantly
lower Kendall. In contrast, both DTW and especially
TWED remain robust across all warp strengths, maintain-
ing high performance and low variance. TWED consis-
tently achieves the best results, demonstrating superior sta-
bility and accuracy even under strong time-series distor-
tions. These findings emphasize the robustness of our
methods compared to the vulnerability of L? to temporal
warping. The same conclusions can be made looking at the
Spearman rank correlation and the accuracy scores (cf table

in Appendix [G.3).

6.3. Real Data

We now assess the performance of our method on a real-
world multivariate time series dataset.

Dataset description: We used the Basic Motions dataset
from the UCR time series archive (Dau et al., 2019). Data
was recorded by a smart watch during four activities. The
watch collected 3D accelerometer and a 3D gyroscope.
There are 4 classes: walking, resting, running and bad-
minton. The data is sampled at 10Hz during 10 seconds.
Given a permutation ¢ of (1,2, 3,4), we induce an order on
the labels by defining s < ¢ if and only if £(s) < £(¢). This
gives us a (partial) true ranking. The dataset is then trans-
formed into triplets (z, z’, y), where  and =’ are two time
series with distinct classes /! and {2, and the preference la-
bel is defined as y = sign(£(1Y) — £(12)). All time series
are re-normalized between [—1, 1] prior to training. The
dataset is split into 40 signals for training and 40 for test-
ing, and model performance is evaluated on the test set us-
ing the Kendall Tau metric. The experiments were run for

all the 24 permutations of (1,2, 3,4) (corresponding to the
24 possible orderings, i.e possible kinds of preferences).

Baselines: In addition to the standard IPM model
based on the L? distance, we included two learning-
to-rank baselines: RankNet (Burges et al. 2005) and
RankSVM (Joachims| [2002). Since these methods
operate on fixed-dimensional feature vectors in RP,
we consider feature-based representations obtained with
Catch22 (Lubba et al., 2019) and ROCKET (Dempster
et al.,[2020), two widely used time-series feature extractors.
These representations are then used as inputs to RankNet
and RankSVM. The feature-based RankNet model is im-
plemented as a neural network with one hidden layer of 64
units, a ReLU activation, and a linear output layer produc-
ing the ranking score. We also consider a convolutional
RankNet variant that operates directly on raw time series.
This architecture consists of three one-dimensional convo-
lutional layers with 16, 32, and 64 channels, respectively,
each using a kernel size of 3 and ReLU activations. The
first two convolutional layers are followed by max-pooling
layers, and an adaptive average pooling layer is then used
to obtain a fixed-dimensional representation. This repre-
sentation is then passed through a fully connected neural
network of a 64-unit hidden layer with ReL U activation and
a final linear output layer.

Results: Table 2] reports the Kendall’s tau scores ob-
tained on the Basic Motions dataset over all 24 possible
label permutations. Our method with DTW or TWED,
returns strong performance, with average scores of 0.69
and 0.70, respectively. They achieve higher performance
than the standard IPM model based on the L? distance
(even when we use Catch22), highlighting the benefit of
using temporal alignment rather than Euclidean compar-
isons. They also compare favorably with almost all other
baselines. The strongest baseline is RankSVM combined
with ROCKET(1000), which gives the best Kendall’s tau.
Nevertheless, DTW and TWED remain competitive while
operating directly on the original time series and, impor-
tantly, benefit from the interpretability of the IPM frame-
work. In particular, our method enables the visualization
and interpretation of the estimated ideal signal, which is
not directly available for the feature-based ranking base-
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Method Kendall Tau 1
DTW 0.69 (0.08)
TWED 0.70 (0.10)
L? 0.42 (0.26)
RankNet 0.61 (0.10)
Catch22 L2 0.27 £ (0.3)
Catch22 RankNet 0.61 + (0.1)
Catch22 RankSVM 0.66 =+ (0.1)
RankNet CNN 0.66 + (0.12)
RankNet Rocket (200) 0.58 =+ (0.08)
RankSVM Rocket (200)  0.65 + (0.07)
RankNet Rocket (1000) 0.66 =+ (0.1)
RankSVM Rocket (1000) 0.83 + (0.02)

Table 2. Kendall Tau scores on the Basic Motions dataset.
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Figure 3. Example of distances-to-ideal for each method on Basic
Motions. Here, 0 = Walking, 1 = Standing, 2 = Badminton, 3 =
Running.

lines. A visualization of the rankings returned by the dif-
ferent methods for one permutation is provided in Figure[3]
Additional examples of the estimated ideal signal, together
with signals assigned lower and higher ranks, are reported

in Appendix[G.3]

7. Conclusion

We introduced an IPM to rank time series from pairwise
comparisons using elastic distances. First, we proved key
properties on the DTW and TWED. Building on these re-
sults, we established theoretical guarantees for our pro-
posed models. Finally, we proposed an optimization
method effectively leading to better results than the stan-
dard L2 model, in both univariate and multivariate settings,
for both synthetic and real data. The main limitation of our
approach lies in the assumption of a single ideal point used
to rank the time series. While this simplifies the model, it
may not fully capture datasets where multiple ideal patterns

exist. Extending the method to accommodate several ideal
points could be a promising direction for future work (see
e.g Appendix[G.7). Another limitation is the computational
cost associated with TWED and DTW for long time series.
This is partly mitigated by the low-rank formulation we in-
troduce, which significantly reduces the complexity while
preserving ranking performance.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. TWED and DTW proofs.
A.1. DTW Lipschitz

Definition A.1. Given two 1D series of lengths [ and m, we define
Al,m C {Ov 1}l><m

as the set of binary alignment matrices. Each A € A; ,,, represents a path on an [ x m grid that connects the upper-left
entry (1,1) to the lower-right entry (I, m), using only moves of type |, —, or \.

Let X = (z1,...,7;) €RY and X' = (24,...,2/,) € R™ be two time series. Given the cost matrix

AX, X' = (5(%,17;)) ;i € RI>*™,

the DTW can be written as
DTW(X, X’'):= min (A, A(X,X").

AEAz,m

Proof of Proposition[3.3] Univariate. )
Let X = (x1,...,x7), X' = (2}, ...,#%) and W = (wy, ..., wp) in R and let X = X' 4+ W.

Then A = (|z; — 2 — wj|)1<i j<7. Using the triangular inequality we have

1 1
A=A+ [|wi] | & |, onlwr] ]| =A+D.

Thus, VA € A7, (A,A) < (A, A) + (A, D), and for A* € arg Amir\l (A, A), we have
EAT

DTW(X, X) < (4*,A) < DTW(X, X') 4+ (4%, D)

then, R
DTW(X, X) —DTW(X,X’) < (A*, D).

Now we need to bound (A*, D). First, remark that in the worst case, starting from (1, 1) to (7, 7)), we sum each |w;|
exactly one time. Moreover, if only one diagonal move is used, we add (T — 2) times entries of the matrix D (indeed, the
longest minimum path is (1,1) — (1,7 — 1) — (2,T) — (T, T), since a path passing by (1,T) has necessarily a larger
cost). Thus, in worst case scenario, we have that

(A%, D) = (T = 2)|W|oo + [IW]l1-

Let f(2) = (T'—2)||2||oo +|2]]1, by homogeneity of the norm, we are looking for max,cgr || |,—1 f(2). First we assume
without loss of generality that |21| = ||z||co, then

T
f(2)= (T =Dlzl+ Y |l
=2

< (T —=1)|z1] + VT — 14/1 — 22 = g(]z1]) Cauchy-Schwarz

Computing the derivative, we find that g reaches its maximum in |z1| = % resulting in a maximum equal to
T(T - 1).
Then, let z € RT, f(z) = f(|\z||2ﬁ) = |\z||2f(”;H2) < /T(T - 1)]|z||2, thus:

DTW(X, X) — DTW(X, X') < /T(T — 1)||X — X'||2.

12
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The same demonstration is valid in the other side, so finally:

IDTW(X, X) — DTW(X, X')| < /T(T — || X’ — X[

Note that the bound is reached taking X = (0,1, ...,1), X’ = (0,...,0,1) and X = X’ + aqw, where o = Tim and

w = (ar, ...,ar,br) with by = /=t and ar = % = \/ﬁ Indeed, taking the same notations:
0O ... 00 1 aar ... aar aar 1+ abr
1 ... 110 5 l—waar ... 1—aar 1—owar oabr
A=) . . . . .|, A=
1 ... 1. 10 l—waar ... 1—aar 1—owar oabr

Let 7 be the path taking all the O costs in A. Note that the same path on A has a cost a/T(T-1)= % Then, if

another path is taken on A, the cost will be larger than 1 — capr = 1 — T(T_ll) == ?g:};i; which is larger than with

path 7. Thus the minimum is reached with the path = so DTW (X, X) = a/T(T — 1). Then, since DTW (X, X’) =0
and || X’ — X||2 = a||w||2 = «, we have that:

DTW(X,X') - DTW(X,X)’ = VT(T - D)||X" = X .

Multivariate.
The proof is similar to the univariate case. ~
Let X = (21,...,o7), X' = (2}, ..., %) and w = (wy, ..., wr) in RP*T and let X = X' + w.

Then A = (||z; — o — wj|q)1<i j<7- Using the triangular inequality we have

1 1
A=A+ | Hhwllg | 2 |5 llwrlly | =A+D.

Thus, VA € A,, (A,A) < (A,A)+ (A, D), and for A* = argmin(A, A), we have
DTW, (X, X) < (A*,A) < DTW,(X, X') + (A*, D),

then,
DTW,(X, X) — DTW, (X, X') < (A*, D)

lwr||,) € RPXT as for the univariate case, we have that:

Letv = (|[wily, .-,
(A", D) = (T = 2)||v]|s + [|v]]1-
. Then,

(47, D) < VTT = Dol
T
> lhwill3

If ¢ > 2, [Jwil[q < [[wi|2 so
(A*, D) < /T(T - 1)|wl[2.

If g € [1,2], the Holder inequality gives that for all x € R?, ||z||, < pi 2 ||z||2 and this concludes the proof.

Finally, note that like for the univariate case, the bounds are reached. Indeed, taking the same example than the univariate
case and, for ¢ < 2 repeating the signal on each of the p dimensions, for ¢ > 2 setting the dimesions 2 to p to 0, we reach
the Lipschitz bound. O
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A.2. TWED Lipschitz

Proposition A.2. For X, X' two time series of equal length, if §(x,2') = ||z — 2'||1, then:

6,\7V(X,X’) <21 X =X .
Proof. The proof is given in (Marteaul 2009). O

Proof of Proposition[3.5] Univariate.
The triangular inequality gives
(X, X') = 6 (X, X)) <6x (X', X7).

then using Proposition S (X, X)) < 21X — X1 < 2VT| X" — X"||o.
Note that the Lipschitz constant can be slightly refined. Indeed, the inequality can be adjusted:

T-1
Oaw(XX") <23 |X] = XV| + | X7 — Xf
=1

Then Cauchy-Schwarz applied to the vectors (X’ — X") and (2, ...,2,1) gives:

(X, X") < VAT = 3]| X" = X"||2.
Note that the bound is reached taking for example X = (1,...,1),Y = (1,...,1), X" = (1 + 2¢,...,1 + 2¢,1 4+ ¢) with ¢
small (depending on A and v. Indeed, we have 0, , (X, X’ ) 0,9, (X X”) =¢(4T—-3) and ||X/ X" = ev4AT - 3.

Multivariate.
The triangular inequality gives
(X, X') = 0 (X, X)) <6x, (X', X7).

Then, 8, (X, X"><22||X/ X!l < 2pm s %ZHX' X{[l2 < 2™ T DVT||X7 - X",

As for the univariate case, a better constant is pm”‘(o’ a 2)\/4T 3 and it is reached taking for example X and X' the
times series equal to (1,0, ..., 0) for each timestamps and X" = X’ +€(2,...,2,1). O

B. Excess Risk Bounds

B.1. Univariate Case

Recall the following notations and definitions. Let v & R7T be a univariate time series and let S =
(X1, X}, y1)s s (X, X!, yn)) a dataset of iid tuples with two time series X, X’ in R” and a label y € {—1,1}. Let
d be a similarity measure such that for all v € R”, 2 — d(u,z) is Ls-Lipschitz (here d can be the TWED distance for
instance). Let £ be a loss function (the Soft Margin Rank loss for instance). The quantity R, (u) is the empirical risk, given
dataset S. We define the empirical risk as:

n

Ra(u) = - " Uun(d(Xi,w) — d(XL,w))) ©

i=1
The empirical risk is an unbiased estimate of the true risk given by
R(u) := E [((yi(d(Xi, w) = d(X, u)))] - (7)

where the expectation is with respect to a random draw of ¢. Let 4, denote ne minimizer in E of the empirical risk
optimization and let u minimizes the true risk in E.

We now introduce additional useful results to prove Theorem [4.4]
Lemma B.1. Let f and g be two functions from X to R. Then |sup f(x) — sup g(x)| < sup |f(x) — g(z)|

14
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Lemma (BI). f = f— g+ g so we can write:

sup f < sup(f —g) +supg
<sup|f —g|+supg
thus sup f — sup g < sup|f — g|. Doing the same with g = g — f + f, we conclude the proof. O

Lemma B.2. (Wainwright, 2019) Let X a bounded set in R", o1, ..., 0, iid random variables following a Rademacher
distribution (P(o1 = —1) =P(0y = 1) = %) and let g1, ..., g, iid random variables following N'(0,1). Then

m 1 &
sup oix;| </=E, |sup — gixi| -
:vGXnZ ZZ] \/;g mexniz_;z1]

1~
sup — Y sign(g;)w;
xegnz gn(g) 1
sup — Zszgngl \ul|],/2 2] where u; ~ N (0,1)

zex N

(T

Lemma @)
E, [Sup Zole

zex N

For any z = (x1,...,x,) € X, (g1,..-gn) € R™, the function z — - Z sign(g;)z f:z:l is convex (as a linear function),

so as the supréemum wrt to X. Then usmg the Jensen 1nequa11ty,
< su Slg’I’L !71 U; XT; < w | su S1gni\g; ) | Ui | T4 L
g atEp 2 2 & atE.E’ n p— 2 g

Lemma B.3. Let d, and dy be two distances over the space R? such that for all = € RY,

dl(x7 ) < Cdg(.l?, ) (”eSP dl(x7 ) = Cdg(.l?, ) )s

1 n
sup — giTi | -
zex N ; ‘ Z]

for some C > 0. Let N(E,d,¢) be the minimum necessary number of balls with radius & associated to the distance d to
cover the space E. Then, for all € > 0,

N(E,d1,&) < N(E,dy, ) (resp N(E,dy,e) = N(E.da, ) ). 8)
Lemma ([B3). The proof results from the fact that for all # € RY, By, (z, &) C By, (,¢). O

Lemma B.4. Let X C R? such that for all v € X, ||z||2 < M, then N(X,||.|]|2,e) < (%)dfore < M, and
N(X,||.l|l2,€) = 1 otherwise.

Proof. http://www.stat.yale.edu/~-yw562/teaching/598/1lecl4.pdf]give that:

d
ko < (2) 7o

where B is the unit ball associated to |[.||2. Then X C B ,(0, M) so

d
o< (3 40

Then, using the change of variable ¢ : x — Mz, we have that

Vol(By1,(0, M)) = MVol(B).

15
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Lemma B.5. Let X, Xo two random variables such that P (X1 > a1) < 61 and P (X3 > as) < d9, then

P(X;+ X2 > a1 +a2) <61+ 62 9

Proof. The event {X; + X5 > a1 + as} is included in {X; > a1} U {X3 > as}. Hence, P(X; + X3 > a1 + az) <
P({Xl > Cll} U {XQ > CLQ}) < P(Xl > al) —|—IP(X2 > ag) < 81 + 9. ]

Proof of Theorem#-4] This theorem bounds the excess risk of the empirical optimum R(%,,) relative to the optimal true
risk R(@). We first decompose the excess risk as follows:

R(itn) — R(@)) = R(iin) — R (itn) + B (iin) — R (@) + Ry (@) — R(i1)
< R(itn) — Ry (itn) + Ry () — R(i0) (10)
< sup (R(u) - Rn(u)) + (R (a) — R(a)) (11)

First, using Hoeffding inequality, we have

b ( Bu(@) - R() < ¢ (lo +Ldm>2log<1/6>> -

2n
using that:
0 < l(y;(d(Xi,u) —d(X],u))) < Llyi(d(X;,u) — d(X},u))| + £(0) ?is L-Lipschitz
< LqLvy +€(0)

wherey = sup ||z —2'||2 is finite by assumption and /o := £(0). Then, we bound the first term applying the McDiarmid

x,x'€R

inequality to the function F' = sup (R(u) — Rn(u)> definedas F' : X} x...xX,, - Rwhere X; = X = ExEx{-1,1}.
Let z1,...,2, € X™ where z; = (Xth/ayz) and let Z; = (XZ,X;,QZ) e X,

|EF (21,22, coey Ziy ooy 2n) — (21, 22, ooy Ziy ooy 20)| =

sup
u

Z d(X;,u) — d(X!,u)))

3\H

n

—sup | /() = = 3 @0 0) = A 0) = (e w) = AL 0) ) + X ) — AL )

j=1

1 ~ ~
<~ sup [0(7i(d(Xi, u) — d(X], ) ) = ((yi(d(Xi,u) — d(X[,u)))|  using Lemma (B-I)
< T Lsup [ (d(Ks, ) — (X} 0)) — y(d(X;, w) — d(X] ) fis L-Lipschitz

1 N ~ -
<L [sup 36(a(Kiy0) = AL 0)| + sup [y (d(Xiu) — d(X;,u»@
< 2LqLy/n.
Taking the sup wrt z;, we have:

51~1p|F(Z17 29y wey Ziy ooy Zn) — F(21, 22, ooty Ziy ooy 2n)| < 2LgLy/n.

Zi

The McDiarmid inequality gives:

P <s3p (R(w) ~ Ru(w)) <E [sgp (R(w) - Rn<u>)] + \/ 2LalMy og(1/) ) >1-4 (12)

n
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Now we need to bound E [sup (R(u) - Rn(u)ﬂ Let €1, ...e, be iid Rademacher random variables, using the sym-

metrization lemma and the contraction lemma (¢is L-Lipschitz), we get:

E [sup (R(u) — Rn(u))] <2E lsup (711 Zaiﬁ(yi(d(Xi, u) — d(X{,u))))} (symmetrization)
< 2LE |sup Z eiyi(d(X;,u) — d(X], u)))] (contraction)
=2LE |sup

( Z gi(d(X;,u) — d(X], u)))] (e4y; has the same distribution than ¢;)

1 n
<2LE (d(X, 2LE = —&;)(d(X],
< sup Ze U) + sup (n ;( &) (d(X] U)ﬂ
1
=4LE |sup | — Z g d( X, u))] (X; has the same distribution than X)
u n im1

< 4L\/7 lsup < Z g:id(X;,u )] where g; ~ N(0, 1) are iid (Lemma (B.2))).

uMz

% gid(z;,u) and fy : x — d(x,u). (Gy)uer is a gaussian process (because g;

For any u,z1,...,z, € E,let G, :=

are iid gaussian variables). We define the p udo—metric p by:

,O(U,’U) = [(G — Gv Z .fv xz)) X(fuva) (13)

i=1 \/E

where dx (fu, fv) = ! Z(fu(zz) fo(wi))%

=1
Note that dx (fu, fv) < La|lu — v||2 since d is L4-Lipschitz.
Now, using Theorem 11.17 in [Ledoux, 1991], we get that:

sup< Zngu ; )] < 24/00 Viog N(E, p, )de, (14)
0

where N (E, p, ) is the minimum necessary number of balls with radius e associated to the distance p to cover the space
E.
Then,

/ " Jlog N(E.p,)de — / " Jlog N(B, dx, ye)de (Lemma (B3))
0 0
= —/OO Veg N(E,dx,t)dt
/ V108 N (B, [ 1], (/L) dt (Lemma (B3)

L
/ \/1o 3 ‘” dt (Lemma (B.4))
/T / 1
= 3Ly —/ log — du;.
n Jo u

17
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Since u — 4/log [ﬂ is integrable in 0", we have that:

> T
/ log N(E, p,e)de < 3LaCyy\| — (15)
0 n

where C' = fol log [L]du ~ 1.14.

Then,
R ~ T
E {Sup (R(u) - Rn(u))] < CLalyy/ = (16)
Finally, applying Lemma (B.3)), we have that with probability at least 1 — 24,
lo+ LqLv)2log(1/6 2L2L24210g(1/8 ~ T

i.e

R(t,) — R(@) < (lp + 3LaLy) W + C’LdLy\/Z . (17)

Note that all the proofs of the previous section still work in the multivariate case when the multivariate DTW and TWED
follow Definitions[3.TJand[3.4] The two modifications are the Lipschitz constants that are not the same than in the univariate
case and the end of the proof when the covering number is computed. Indeed, the dimension of the space becomes p x T’

rather than 7', leading to:
log(1/6 ~ T
R(in) — R(@) < (Ip + 3LaLA)y/ %n/) + CLdLm/% . (18)

The main difference with the proof of Theorem [4.4]is that, in the multivariate case, we also have dx (u,v) < Lg||u — v]|2
but now ||u — v||2 is a matrix-norm. Thus, applying Lemma gives that:

jﬁ/ooo N AR ;ﬁ/ow 1o Pﬂﬂdt.

C. Recovery Guarantees

B.2. Multivariate Case

Proof of Lemma For any u, we have that:
R(u) = R(u") = E [KL(f (= Ax,x () [ /(= Axx ()]

Since the KL is a positive function, we have that * is a minimizer of R. Furthermore, R(u) — R(u*) = 0 iff f( —
Ax x/(u*)) = f(— Ax,x/(u)) as. Since f is monotonous, we have that R(u) = R(u*) iff Ax x/(u*) = Ax, x(u)
a.s. The assumptionimplies that R(u) — R(u*) = 0iif u = u*. In other words, the minimizer of R is unique and is
equals to u*. O

Proof of Theorem .11} First, by Lemma[4.10} v* = @ := argmin R(u). Now, let us define W,, = R(4,,) — R(u*). By

Theorem [£.4] we have that:
— B)?
Ve >0, P(W, >¢) <exp <WA)> ,

where A = 12TL272 and B = QC'TL% Thus, for all e > 0, Y. P(W, >¢) < oo, and using the corollary

of the Borel-Cantelli theorem, since W, is a non-negative random variable, we have that W, Z5% 0. Now, let

18
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w € {we Q| Wy(w) — 0}, forall n € N, 4, (w) € E the set of time series which is closed and bounded by assump-
tion, so it is compact. Then, let v an accumulation point of @, (w), i.e 3¢ : N — N increasing such that i, (w) — v.

By dominated convergence we have that R(i, ) (w)) — R(u*) — R(v) — R(u*) = 0 by definition of w. Then, by

uniqueness of u*, we have that v = u*, so 4, (w) has a unique accumulation point in a compact so it converges towards
u*. Finally, using that P ({w € Q | W,,(w) — 0}) = 1 concludes the proof. O

D. Low Dimension Model
D.1. Lipschitz Constants

Note that in this case of low dimension modeling, two Lipschitz constants appear, L, the one of the function d, : R — R
defined by = — d(u,,z) and L7, the one of dr : R” — R defined by z — d(ur,z) where u, € R” and ur € R7.
Indeed, these two constants are used in the demonstration of the excess risk bounds (note that there are the same for the
case T =r).

Liwgp Without any additional assumption, taking u € R" and considering f,, : RT — R defined by f,(x) = x . (u, z),
the Lipschitz constant remains in O(v/T). For example, let u = (0,...,0) € R", y1 = (0,...,0) € R” and y, =
(=M, M,—M,M...) € RT. First, 6 ,(u,y1) = (T — r)(A + v) (r matches with a cost 0 and 7' — r deletions with a
cost (A + v)). Then, for the computation of d, , (u, y2),the costs are: 2 « M for a match (except the first one equal to M),
(A + v) for a deletion in w and (2M + X\ + v) for a deletion in y,. Taking M small enough, the cost is lower considering
matching rather than deletion in U (2M < X\ + v). Thus the final costis equal to (2r — 1)M + 2M + A+ v)(T —r) =
(2T — 1)M + (T — r)(A + v). Then, ||y1 — ya||2 = VT M, so

2T — 1
O (u, — O (u, = — .
03,0 (u, 1) = a0 (1, 2)] Wi ly1 — vl

Liwgp The low dimension model lead to a refined constant here.

Proposition D.1. Assuming that §(z,y) = ||z — y||q, for X € RP*T and Y, Y’ € RPX" the TWED distance satisfies:

|6A’,,(X, Y)—cSM,(X, Y’)\
< 2/ pm O3 ly — Y|,

Proof. Same proof than standard case. O

Lprw The low dimension case lead to a refined Lipschitz constant for the DTW.

Proposition D.2. Assuming that §(z,y) = ||x — y||,, for X € RP*", and Y,Y' € RP*T, the DTW,, distance satisfies:

|DTW (X,Y) — DTW (X,Y")]
<V =124 (T — 1) p™>Ca=2) ||y —y7||,.

Proof. The proof is exactly the same than for the standard case, replacing
(A%, D) = (T = 2)|[vlleo + [[v[]2

by
(A%, D) = (r = 2)[|v]|oc + [[v]]1-

O

Remark D.3. Note that \/(r — 1)2 + (T — 1) = O(r + v/T), so we can reduce the Lipschitz constant to O(v/T), which
is the same order than the Lipschitz constant of the TWED.

19



Ranking Time Series using a Time Warping Ideal Point Model

Liiw The low case modeling results in a slightly better constant, in the same order than the standard case.

Proposition D.4. Assuming that §(z,y) = ||z — yl|, for X € RP*T, and Y, Y' € RP*", the DTW, distance satisfies:

IDTW (X,Y) — DTW(X,Y")]
-1+ (-1 (0.4
- (T—-1)24r—-1

DY — ||,

Remark D.5. Note that L= +T-DVI=1 _ (7Y since r < T.
V(T=1)2+4r-1

D.2. Excess Risk Bounds

Theorem D.6. Let S = ((x1,%,y1), ..., (Tn, T}, Yn)) a dataset of tuples with two time series 1, x5 in RT and a label
y € {—1,1} and let G,, € R" be the minimizer of R,,. We have that with probability at least 1 — 20,

. . - log(1/d ~ r
Rin) — R(u") < (1o + 3LLnr)y 282 1 e, )7 (19)
where yy = sup ||z — y|l2 and v = sup ||u — vl||2 are the diameters of the time series set wrt to the L2 norm and
z,yeRT u,vERT

L}, and Lg are the Lipschitz constants defined before.

Proof. The proof is the same than the one in[B.I] replacing L4 and -y by the new constants. O

Corollary D.7. In the univariate case, we have that:

TWED :  R(d,)— R(u*) =0 (W>

n

DIW:  R(in) — R(u") = O (5%)

E. Soft-TWED Gradient Computation

In this section, we computes the gradients for the general definition of the TWED with general timestamps (Marteau),
2009).
Differentiating algorithmically 52,:; requires doing first a forward pass to store all intermediary computations and recover

D? = [ij] 1<i<t = [ry] 1<i<i . The value of 64  (z,2'), stored in 7y, at the end of the forward recursion, is then
I Sm 1<<m )

impacted by a change in r; ; exclusively through the terms in which r; ; plays a role, namely the triplet of terms ;11 j,
T4.j+1s Ti+1,j+1- A straightforward application of the chain rule then gives

8T‘l,m 8rl,m 31"7;_;,_17]‘ a’l‘l,m 87"7;7]‘4_1_'_ aTl,m 31"7;_,_17]‘4_1

Orij  Origry Orig  Origen Orig Origigen O
—— N——— —— —_———

)

Ci,j Cit1,5 €i,j+1 Cit1,j+1

in which we have defined the notation of the main object of interest of the backward recursion:

arl,m
€5 1= .
YT Oy
Let A™" = [§(x, r)], AT = [0(w;, x;)] and A = [5(), x';)] the cost matrices. The recursion evaluated at (i + 1, 7)

yields:

Tit1,j = mine{’/‘id‘_l + Af"?_l + Af—il,‘] + V(‘tw,i+] - t_L3| + |t_£1 - tw371|),

Ti,j + Az-z’i+1 =+ A =+ l/‘tzi_H — tCEi

s Piplg—1 T AT F A vty —ter I},
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Leriy1; = mine( fijsGigs h,;yj), which, when differentiated with respect to r; ; yields the ratio:

Orivry _ e 9/

or; e fiil0 4 e=91i/0 4 e=hii/0”

The logarithm of that derivative can be conveniently cast using evaluations of min® computed in the forward loop:

0. log Oritli

) T
oy = Wi {fig, gigy higy = rig = Al = A= Vlta, — e
i,
=Tig1,5 —Tij — Af,i+1 —A- V|txi+1 —ta, -
Similarly, the following relationships can also be obtained:
87“1' i ’
g+l . x
0 -log 87‘77] =Tij+1 —Tig — A —A— V‘tI;’-H - tm.@' k
0-1 8Ti+1,j+1 _ Amr’ zxz’ ¢ t t t
Hlog =5 T = i — iy — AT — A - V(ltaipy = toj41] + [ta, — tar ])-
i,J
We have therefore obtained a backward recursion to compute the entire matrix E' = [e; ], starting from
a”dl,m
€n,m = =1
8777,”

down to eq 1.

Then we need to compute the partial derivatives with respect to A,’ﬁ”j/ and A7, ;. We have that:

67"[ m 37“" m 6T¢+1 j a’l“i+1 j
= . = rs > = = €; Pt >
9”1, XJ: Orit1,5 AT, zj: i+1.5 "or; ;

BnTm _alem 87“7;’]' aTl,m 8T,;+1,j+1
aAf“;/ T 0ryy Ori—ij1 Orit1,+1  Orij
Finally,
’
a"qlm’b _ 87‘[7m aAz{H}i 6rl,m 8A’ch)i71 arl,m 8Ai:§
. T . x i zz’ .
dr; 0L, O | OAL,_, O | 4 DAY Ow,

.’I)JJ/

. . OAT™ OAT 1, . . .
where the partial derivatives — - and —5-"=* can be directly computed depending on the cost function ¢.

F. Computational Cost

As mentioned at the end of Section [5] for the (soft-)DTW and the (soft-)TWED, the computational cost for IV time series
of size T in dimension d, is in O(NT?d) per epoch. Indeed, forward pass and backward pass for the gradient computation
involves O(T"?) distances computations in dimension d for each sample X. The Figureillustrates the computational time

in practice for some values of d, N, T'.

G. Details and Additional Experiments

G.1. Synthetic Data Generation

For synthetic experiments, we used a bipolar pulse ideal pattern. An example is presented on the bottom left of Figure[5]

Regarding the warping function, we assume that the signals are discrete versions of functions f : [0, 1] — R, we then take
the points 1 = 0,22 = .25,x3 = .5,24 = .75,x5 = 1. We then consider noisy versions of these points y; = x; + u;
where u; ~ U(—0.1 wg, 0.1 wy), with w, the warping power parameter. The y; are then projected on [0, 1] and sorted so
that we obtain z; < 2o < z3 < z4 < z5. Then, a linear interpolation between the points (x;, z;) is performed, resulting
on a piecewise linear warped temporal line and the interpolation of the bipolar pulse is then performed on this warped

temporal line. An example of warping deformations with several warping parameters is presented in Figure 5]

21



Ranking Time Series using a Time Warping Ideal Point Model

Scalability with T (d=10) Scalability with T (N=100)
4.0

N ~ w w
S o o n

Computational Time
-
w

Computational Time

-
o

o
@

0 200 400 600 800 1000 [ 200 400 600 800 1000
Time series length T Time series length T

o
o

(a) Computational cost as a function of V. (b) Computational cost as a function of d.

Figure 4. Computational cost of DTW with respect to the number of time series N, the dimension d and the time series length 7'.

Warp strength = 0 Warp strength = 1 Warp strength = 2.0 Warp strength = 3.0

o 4 4 I
* @& ® o

Warped time

o
N

o
o

1.0 1 1

Signal amplitude
°
o

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Original time Original time Original time Original time

Figure 5. Example of synthetic data generation.

G.2. 0 Impact

In this section, we evaluate the impact of 6 on the results (see Figures[6and[7). Note that larger values of 6 yield smoother
soft-DTW (or soft-TWED), but also increase the discrepancy with standard DTW (or TWED). We observe that this smooth-
ing is beneficial in settings with limited training data or highly noisy labels (N < 500 or 7 < 0.8), leading to improved
accuracy and higher Kendall’s tau. In contrast, smaller values of 6 become more effective as the number of samples
increases and when annotations are reliable.

Accuracy TWED (4, u*) Kendall Tau

Accuracy
o o o o
®x ® © ©
g 8 8 8
TWED (G, u*)

o
@
®

0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
Number of samples (N) Number of samples (N) Number of samples (N)

Oracle accuracy (1)
e 1 | 09 A o038

Figure 6. TWED 6 impact.
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Accuracy

Accuracy

0 500

G.3. Full Table Synthetic Dataset

The same conclusions of Section[6.2.2] can be made looking at the Spearmann score and the Accuracy (see Table|[8).

0
1000 1500 2000 2500 3000 3500 4000 0
Number of samples (N)

500

DTW (4, u*)

Kendall Tau

1000 1500 2000 2500 3000 3500 4000 0

Number of samples (N)

Oracle accuracy (1)

1 | 09 A 08

Figure 7. DTW 6 impact.

500

Kendall Tau

1000 1500 2000 2500 3000 3500 4000

Number of samples (N)

Warp 0 0.5 1 3
N 50 500 2000[50 500 200050 500 2000|550 500 2000
Metric Method
0.65 0.81 0.85]0.56 0.72 0.76| 0.62 0.72 0.76| 0.41 0.69 0.73
DTW | (0.13) (0.06) (0.01) (0.2) (0.05) (0.0) | (0.05) (0.04) (0.01) (0.15) (0.05) (0.02)
0.37 0.75 0.83| 025 048 0.52| 024 042 046| 0.13 023 0.25
Kendall Tau Ty, (0.08) (0.02) (0.01} (0.04) (0.02) (0.01} (0.06) (0.01) (0.01) (0.08) (0.02) (0.02)
0.76 0.82 0.83| 0.71 0.78 0.8 | 0.67 0.74 0.76| 0.54 0.67 0.68
TWED | (0.05) (0.01) (0.0) | (0.04) (0.02) (0.0) | (0.02) (0.01) (0.02) (0.09) (0.03) (0.04)
0.83 0.95 097 074 09 093] 082 09I 093] 057 0.88 091
DTW | (0.14) (0.04) (0.0) | (0.26) (0.05) (0.0) | (0.05) (0.04) (0.0) | (0.19) (0.05) (0.01)
S 0.53 092 096| 037 0.68 072 035 0.6 0.65 0.19 034 0.37
pearmann Ty, (0.11) (0.01) (0.0) | (0.06) (0.03) (0.01) (0.08) (0.02) (0.01) (0.11) (0.03) (0.02)
0.92 0.95 0.96| 0.89 0.94 0.95| 0.86 0.92 0.93| 0.73 0.86 0.87
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Figure 8. Additional results of Section For each metric, the higher the better.

G.4. Low Dimension Model

In this section, we consider the same generative model for the data and we are solving the optimization problem in R".
The idea is to understand whether a low dimension version of the ideal is able to capture the geometrical properties of the
problem and retrieve the ranking. Figure [9]shows that for toy signals (bipolar pulse for instance) the low dimension model
can achieve the same accuracy that the standard model. Indeed, for the DTW r = 10 is sufficient and for the TWED it is

r = 25.
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Figure 9. Low dimension model results.

G.5. Motion Dataset: Additional Figures

Figure [I0]illustrates the learned ideal point and the nearest and farthest signals to the ideal. We see that the estimated ideal
has a waveform similar to a typical time series recording of a person walking (y = 1). This means that our model correctly
learned a meaningful ideal.

Nearest Farthest
Ideal y=1 y=4

0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

Figure 10. Left: estimated ideal. Middle: nearest signal to the ideal. Right: farthest signal to the ideal.

G.6. Additional Experiments on Semi-synthetic Data

In order to strengthen the experimental section, we now add two additional experiments using semi-synthetic datasets.
As common in ranking literature, these datasets are built from real data with synthetic pairwise labels. An ideal signal is
randomly selected from the test set, and scores are computed via DTW distance to it.

¢ In the case of the handwritting dataset (Shokoohi- Yekta et al.||2017)), we have 150 train cases, from which we extracted
1500 pairwise comparisons, and 850 test cases where each signal is of size 3x53 (after downsampling). The three
dimensions are the three accelerometer values. To evaluate the estimated ranking we use the kendal metric (the higher
the better) and obtained DTW 0.72 / TWED 0.62 / Rocket (2000) + RankSVM 0.59. Furthermore, Figure |'1;1'| shows
the True vs Estimated rank for our method (DTW).

¢ In the case of the ECG dataset (Bousseljot et al.l [1995), we construct 10000 comparisons from the 290 signals, each
of dimension 12 x 100 (after segmentation and downsampling). The results on this large dataset confirm that, as
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expected, our method learns an ideal @ that accurately ranks the time series (Figure [I2]Left panel) and approximates
u* (Figure[I2]Right panel).
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Figure 11. True vs Estimated rank for our method (DTW) on the handwritting dataset.
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Figure 12. Left: True vs Estimated rank for our method (DTW) on the ECG dataset. Right: Visualisation of @ and u”*.

G.7. Extension to Multiple Ideal Points.

The Ideal Point Model introduced assumes that all preferences can be explained by a single ideal time series v*. While
this assumption leads to an interpretable and parsimonious model, it may be restrictive in applications where several
distinct prototypes can explain the observed preferences. For instance, the data may contain several abnormal patterns
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corresponding to different modes of variation. A natural extension is therefore to introduce K ideal time series U =
{u1,...,ux },ur € E. Given a time series X, its distance to the set of ideals is defined as the distance to the closest ideal:

d(X,U) = lgllciéle(X’ ).

The pairwise preference rule then becomes

X <X <« JdXU)<dX"U).

Given pairwise observations
S:{(X’Hlevyz) ?:17 Yi € {_17+1}1

we can estimate the set of ideals by empirical risk minimization:

n

~ 1
i 72 i [d( X5 —d(X] . 2
H B Bl g AT A .

Equivalently, writing explicitly the minimum over the ideal points,

. - S IR . . ,
UL, ..., UK € argm’.'I.I’l}LIIl{eE n Zg <y1 Lg}cngd(quk) - élzlcléle(X“u’“)D .

i= -

This formulation can be interpreted as a mixture-like extension of the Ideal Point Model: each signal is compared to the
closest ideal, and preferences are induced by proximity to the set of prototypes. The model can therefore represent several
latent notions of severity or abnormality. However, the objective above is non-smooth because of the minimum over the
ideal points. To obtain a differentiable surrogate, we replace the hard minimum by a soft minimum. We define the soft
distance to the set of ideals as

d-(X,U) = softmin, (d(X,u1),...,d(X,uk)).

The differentiable empirical objective becomes

~ 1
i — ; X; — X! .
Ur € argL[CErfl\llfll\:K " izzlg (yi [dr (X3, U) — d- (X, U)])

When d itself is replaced by a differentiable surrogate, such as soft-DTW or soft-TWED, the whole objective becomes
differentiable with respect to the ideal time series u1, ..., ux. The parameters can then be optimized by gradient-based
methods. The temperature 7 controls the softness of the assignment of a time series to its closest ideal: small values of 7
approximate hard nearest-ideal assignment, whereas larger values allow several ideals to contribute to the preference score.
An illustrative example of first results using two ideal points is given in Figure [[3] This simple example show that this
extended model can learn several ideal points and thus explain preferences using several prototypes / deformations.

Two ideal points scenario

157 — True ideal 1

—— True ideal 2
1.04 —= Final estimated ideal 1
== Final estimated ideal 2
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Figure 13. Low dimension model results.
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